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Stability of superlubric sliding on graphite
A strid  S. de W ijn * ,1 C laud io  F usco , 1 an d  A nnalisa  F aso lino^1
1 Radboud University Nijmegen, Institute fo r  Molecules and Materials, 
Heyendaalseweg 135, 6525AJ Nijmegen, the Netherlands
Recent AFM  experiments have shown th a t the low-friction sliding of incommensurate graphite 
flakes on graphite can be destroyed by torque-induced rotations. Here we theoretically investigate 
the stability of superlubric sliding against rotations of the flake. We find th a t the occurrence of 
superlubric motion critically depends on the physical param eters and on the experim ental condi­
tions: particular scan lines, therm al fluctuations and high loading forces can destroy the stability of 
superlubric orbits. We find th a t the optim al conditions to  achieve superlubric sliding are given by 
large flakes, low tem perature , and low loads, as well as scanning velocities higher th an  those used 
in AFM  experiments.
PACS numbers: 68.35.Af, 62.20.Qp, 81.05.uf, 05.45.-a
I. IN T R O D U C T IO N
R ecent years have w itnessed  a  surge of in te re s t in  u n ­
d e rs ta n d in g  th e  m icroscopic orig in  of fric tion  as a resu lt 
of th e  increased  con tro l in  surface p rep a ra tio n , th e  de­
velopm ents o f local p robes like th e  A tom ic Force Mi­
croscopes (A FM ) an d  S canning  T unneling  M icroscopes 
(STM ) an d  due to  th e  in te re s t for possib le app lica tions 
in  nanotechnology. O ne of th e  goals o f th is  research  is 
to  u n d e rs ta n d  w h e th e r ex trem ely  low fric tion  can  be ob­
ta in e d  by  an  a p p ro p ria te  choice of th e  slid ing conditions. 
T h is  p ap e r exam ines th e o re tic a lly  th e  slid ing of g rap h ite  
flakes on a g rap h ite  su b s tra te , one of th e  p ro to ty p e  sys­
tem s in  th is  field. For th is  system , it  h as  recen tly  been  
show n th a t  th e  low fric tion  ’su p e rlu b ric ’ slid ing rep o rted  
p rev iously  for flakes w ith  in co m m en su ra te  co n tac t w ith  
th e  su b s tra te  [1] is alw ays des troyed  by  ro ta tio n s  of th e  
slid ing flake [2], lead ing  to  a locking in  a co m m en su ra te  
s ta te  w ith  h igh  fric tion  an d  slip -stick  behavior. N um eri­
cal sim u la tions [2] ca rried  o u t for th e  experim en ta l condi­
tions (ex trem ely  low velocities, a b o u t 30 n m /s )  confirm  
th is  finding. I t  is in trigu ing  to  asce rta in  w h e th e r th e re  
m igh t be cond itions th a t  avoid th e  ro ta tio n  an d  locking 
in  th e  h igh-fric tion  co m m en su ra te  o rien ta tio n .
Som e im p o r ta n t concep ts o f fric tion  a t  th e  a tom ic  scale 
are based  on th e  F renkel K onto rova (FK ) m odel [3] th a t  
describes th e  slid ing surface as a  harm on ic  cha in  of la ttic e  
spacing  a in  in te rac tio n  w ith  a rig id  period ic  su b s tra te  
w ith  p e rio d  b. For in co m m en su ra te  values of th e  ra tio  
a /b , P e y ra rd  an d  A u b ry  [4] have show n th a t ,  below  a 
critica l value of th e  coupling  to  th e  period ic  p o te n tia l, th e  
cha in  can  be d isp laced  on th e  su b s tra te  by  an  in fin itesi­
m ally  sm all force, nam ely  th e  system  disp lays a van ish­
ing sta tic  fric tion  force. L a te r, Shinjo  an d  H ira n o [5] p re­
d ic ted  th a t  for in co m m en su ra te  co n tac ts  also th e  kine tic  
fric tion  w ould van ish  an d  called  th is  effect superlubricity. 
T h e  ex p e rim en ta l S T M [6] an d  A FM  stu d ies  [1] show ing
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a  d ro p  of th e  fric tion  force in  going from  co m m en su ra te  
to  in co m m en su ra te  co n tac ts  seem ed to  confirm  th e  p re­
d ic tion  of superlub ric ity . T h eo re tica l w ork [7] has  show n 
th a t  th e  p red ic tio n  of frictionless slid ing also a t  high 
velocities of Ref. [6 ] is oversim plified an d  does n o t ap ­
p ly  in  general, a lth o u g h  d iss ipative  m echanism s becom e 
less an d  less effective in  th e  lim it o f van ish ing  velocities. 
M oreover th e  te rm  su p e rlu b ric ity  has been  critic ized  in  
several p ap e rs  [8 , 9] because  it  suggests a tr a n s itio n  to  
zero fric tion  w hich can  be co m p ared  to  su p e rflu id ity  or 
superconductiv ity , w hereas th e re  is no  th resh o ld  value 
of th e  velocity  below  w hich th e  k ine tic  fric tion  vanishes. 
N evertheless, th e  te rm  su p e rlu b ric ity  has  becom e very  
p o p u la r  an d  is used  to  describe low fric tion  in  th e  q u a ­
s is ta tic  lim it accessible by  A FM .
H ere we s tu d y  th e  d riven  dynam ics of a fin ite g rap h ite  
flake on  a g rap h ite  surface. T h e  flake-surface in te rac tio n  
is m odeled  w ith  a  rea listic  s ta tic  p o te n tia l b u t v ib ra tio n s 
of th e  flake are n o t ta k en  in to  accoun t an d  th o se  of th e  
su b s tra te  are  rep resen ted  by  an  effective fric tion  coeffi­
cien t p ro p o rtio n a l to  velocity. T h is  defines a d e te rm in ­
istic non -linear dynam ica l sy stem  w ith  four degrees of 
freedom  th a t  can  be s tu d ied  by  num erical s im ulations 
an d  ap p ro x im ate  an a ly tica l m odels, allow ing us to  s tu d y  
th e  s ta b ility  o f su p e rlu b ric  sliding.
F or a co m m en su ra te  co n tac t, we alw ays find a stick- 
slip b ehav io r w ith  h igh  fric tion . Conversely, for an  in­
co m m en su ra te  co n tac t we find tw o ty p es of q u a lita tiv e ly  
d ifferent behav io r. A fter an  in itia l sh o rt period , th e  flake 
e ith e r  ro ta te s  an d  locks in to  a co m m en su ra te  o rien ta tio n  
or it rem ains in co m m en su ra te  an d  slides w ith  ex trem ely  
low friction . T h is b ehav io r is c ritica lly  d ep e n d en t on  th e  
in itia l cond itions, as ex p ected  for a s tro n g ly  non linear 
p rob lem . A sim ple dynam ica l sy stem  w hich ca p tu re s  
th e  essen tial physics an d  for w hich th e  s ta b ili ty  analysis 
can  b e  done an a ly tica lly  exp lains th e  observed  behavior. 
W e th e n  exam ine by  num erical sim u la tions th e  s ta b ili ty  
of th e  period ic  o rb its  co rrespond ing  to  in com m ensu ra te  
slid ing ag a in s t th e rm a l f lu c tu a tio n s an d  o th e r  p e r tu rb a ­
tions.
In  Sec. II we describe th e  m odel o f th e  s tru c tu re  an d  
in te rac tio n s  an d  th e  d e ta ils  o f th e  num erical sim ulations.
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FIG. 1: Top view of the geometry of a graphite flake of 
24 atoms on the substrate, in a com mensurate orientation 
(left, m ism atch angle 0  =  0) and incom m ensurate orientation 
(right, 0 =  30°). The open circles represent substrate atoms, 
while the closed circles are flake atoms. The scan lines used 
in this paper are along the x-axis and shown from top to 
bottom : scan line 1 (solid line), 2 (dashed line), 3 (dotted 
line), and 4 (dot-dashed line). The scan lines are separated by 
a distance a /4 . Due to  the sym m etry of the lattice, the range 
between scan lines 1 and 4 fully describes all scan lines in this 
direction. The scan line at a distance a /4  below scan line 4 
is again equivalent to  scan line 3. Note th a t in a symmetric 
hexagonal flake, the center of mass does not correspond to 
the position of an atom.
In  Sec. III  we show  th a t  period ic  o rb its  co rrespond ing  to  
e ith e r  co m m en su ra te  o r in co m m en su ra te  slid ing ap p e ar 
for d ifferent in itia l conditions. In  Sec. IV  we p ropose a 
sim plified m odel for w hich we can  perfo rm  an a ly tica lly  
th e  s ta b ili ty  analysis of these  o rb its . T h e  ro b u stn ess  of 
th e  s ta b ili ty  of period ic  o rb its  ag a in st d ifferent ty p e s  of 
p e r tu rb a tio n s  is p resen ted  in  Section V . F in a lly  we con­
clude w ith  a su m m ary  an d  perspectives in  Section V I.
I I . M O D E L
W e s tu d y  th e  dynam ics of rig id  g rap h ite  flakes, ly ing  in 
th e  x - y  p lane para lle l to  th e  su b s tra te  as show n in  F ig . 1 . 
A tom s are kep t a t th e  equ ilib rium  in te r-a to m ic  spacing  
a =  1.42 A in a hexagonal la ttic e  for b o th  th e  flake an d  
su b s tra te . B y  changing  th e  o rien ta tio n  of th e  flake on to  
th e  hexagonal su b s tra te  th e  c o n tac t is e ith e r  com m en­
su ra te  (Fig. 1, left) o r in co m m en su ra te  (Fig. 1, rig h t). 
W e consider on ly  ro ta tio n s  a ro u n d  th e  z  axis th a t  keep 
th e  flake para lle l to  th e  su b s tra te . T h e  cen te r o f m ass 
of th e  flake is pu lled  along th e  in d ic a ted  scan  lines by  a 
su p p o rt m oving a t  co n s tan t velocity  v s =  (vs, 0, 0). T he 
flake the re fo re  has  4 degrees of freedom : th e  co o rd in a tes  
of th e  cen te r o f m ass, r  =  (x, y, z) an d  th e  o r ien ta tio n  ^. 
T h e  co rrespond ing  velocities are  v  =  (v x , v y, v z) an d  w. 
T h e  ph ase  space h as 8 d im ensions.
W e ca lcu la te  th e  force an d  th e  to rq u e  ac tin g  on th e  
cen te r of m ass from  th e  in te rac tio n  th a t  each a to m  in 
th e  flake has w ith  each a to m  in th e  su b s tra te . T h e  to ­
ta l p o te n tia l energy  of th e  flake due to  in te rac tio n s  w ith  
a to m s of th e  su b s tra te  can  be w ritte n  as
V ( r , ^ ) =  E E  V c ( | r  -  R j |)  , ( 1)
* j
w here i goes over all flake a tom s, an d  j  over all sub­
s tr a te  a to m s an d  Vc (r)  is th e  in te rac tio n  betw een  one 
flake a to m  an d  one su b s tra te  a to m  a t d is tan ce  r .  T he 
positions of th e  su b s tra te  a to m s R j  =  ( X j  ,Y j  , Z j ) are 
given by  a hexagonal la ttic e , an d  th e  positions of flake 
a to m s r j  =  (x*, y*, z*) are functions of th e  p osition  of th e  
cen te r of m ass r  =  (x, y, z) an d  of th e  o rien ta tio n  angle 
^  (see F ig. 1 ). In  th e  sim u lations described  in  th is  p a ­
per, we use th e  a to m -a to m  in te rac tio n  p o te n tia l V LR(r) 
of Ref. [10] th a t  describes n o n -b o n d ed  in te rac tio n s  of ca r­
bon . T h e  p o te n tia l has a range  of 6 A.
T h e  su p p o rt rep resen tin g  th e  A FM  can tilever drives 
th e  flake, w ith  a force given by
(
x  -  x s (t)
y -  ys (t)
0
w here t  is th e  tim e, (x s,y s, z s) =  (x s (0 ) +  vst, ys (0 ), zs) 
is th e  p o sitio n  of th e  su p p o rt, c ( = 1  n N /n m ) is th e  
coupling co n s tan t betw een  th e  su p p o rt an d  th e  cen te r 
of m ass of th e  flake, an d  F load is th e  load  force in  th e  
negative  z d irec tion . T h e  coupling  to  th e  p h onon  m odes 
of th e  su b s tra te  can  b e  m odeled  by  a viscous fric tion  te rm  
th a t  d am p en s th e  m o tio n  of th e  flake, w ith  a  force an d  
to rq u e  given by
F f(v )  =  - 7 M v  , (3)
Tf (w) =  - y I w , (4)
w here M  is th e  to ta l  m ass of th e  flake, I  is th e  m om en t of 
in e rtia  for ro ta tio n s  a ro u n d  th e  cen te r o f m ass along th e  
z-axis, an d  7  (=  1/p s )  is th e  viscous fric tion  co n s tan t. 
N ote th a t  for a rig id  flake, th e  d am p in g  of th e  lin ear ve­
lo c ity  d irec tly  de term in es th e  d am p in g  of b o th  th e  cen tre  
of m ass an d  th e  ro ta tio n .
T h e  equ a tio n s of m o tio n  are:
M r  =  - ^  +  F s ( r , t )  +  F f(v )  , (5)
r l  d V ( r , ^ ) , T  ( ) (6)
I </>=------- -------- +  Tf (w) . (6)
T h e  ro ta tio n a l sy m m etry  of th e  flake im plies th a t
n
V ( r ,^ )  =  V (r , 3 +  ^ ) . (7)
an d  th e  p e rio d ic ity  of th e  su b s tra te  gives
V (r , ^ )  =  V (r  +  a , ^ )  , (8 )
w here a  is an y  vec to r w hich genera tes a tra n s la tio n  u n d er 
w hich th e  la ttic e  is invarian t. T h e  f lak e -su b stra te  sy stem  
also has sy m m etry  for reflections in  th e  yz-p lane
V ( r ,^ )  =  V ( ( - x, y, z), n  -  ^ )  . (9)
3In  ou r num erical s im ulations, we solve th e  eq u a tio n s of 
m o tio n  using  th e  velocity-V erlet a lg o rith m  w ith  d am ping  
an d  w henever th e  te m p e ra tu re  is nonzero , a L angevin  
noise te rm  is added  [2 , 11] .
I I I .  P E R IO D IC  O R B IT S
T h e so lu tions of Eqs. (5) an d  (6 ) a t  T  =  0 are s tro n g ly  
d ep e n d en t on  th e  in itia l cond itions, du e  to  th e  non lin ­
ea ritie s  o f th e  in te rac tio n  forces. In  F ig. 2 (to p  left) we 
show  tw o tra je c to rie s  o b ta in ed  for ex a c tly  th e  sam e con­
d itio n s (sam e load, su p p o rt velocity, an d  scan  line) a p a r t 
from  d ifferent in itia l an g u la r velocity. W e can  see th a t  
s ta r t in g  from  an  o r ien ta tio n  n ea r  th e  in com m ensu ra te  
o rien ta tio n , $  e ith e r d ro p s to  th e  co m m en su ra te  $  =  0 
value, o r oscilla tes a ro u n d  ap p ro x im ate ly  26°. A sim ilar 
tra je c to ry  on an o th e r  scan  line converges to  30°. T he 
o r ien ta tio n  converges to  a  s ta b le  value w ith in  a few la t­
tice periods. T h is  resu lt shows th a t  several period ic  o r­
b its  m ay  be s tab le . T h e  co rrespond ing  behav io r of x ( t) ,  
show n in F ig. 2 ( to p  rig h t) , for th e  co m m en su ra te  case 
$  =  0 is step-like, w hich is ty p ica l of stick-slip  m otion . 
For th e  in co m m en su ra te  cases $  =  26°, 30°, th e  flake 
follows th e  su p p o rt closely. T h e  difference betw een  com ­
m e n su ra te  an d  in co m m en su ra te  o rb its  is also ev iden t by  
looking a t  th e  tra je c to ry  in  th e  xy-p lane , show n a t  th e  
b o tto m  left of F ig. 2 . In  th e  case of $  =  0 th e  cen­
tre  o f m ass ju m p s  qu ick ly  from  one la ttic e  site  to  an ­
o th e r, w here it perfo rm s som e oscilla tions before ju m p ­
ing again . T h e  in co m m en su ra te  m o tio n  a t  th e  sam e scan 
line is sm o o th er an d  th e  o rb it a t $  =  30° perfo rm s a 
reg u la r zig-zag m otion . T h e  la te ra l force, also d isplayed 
in  F ig . 2 (righ t b o tto m ), w hich shows stick-slip  m o tion  
for th e  co m m en su ra te  tra jec to ry , d rops for $  =  26° an d  
$  =  30° to  an  average fric tion  force close to  th a t  o f a flat 
surface (7 M v s =  0.0153 nN ), 0.0278 nN  an d  0.0316 nN  
respectively. T h e  fric tion  of th e  co m m en su ra te  flake, by  
com parison , is large, 0.1018 nN .
In  ra re  cases, p a r tic u la rly  a t very  h igh  load, w here th e  
n on linearities  are increased , period ic  tra je c to rie s  w ith  a 
p e rio d  longer th a n  one la ttic e  p e rio d  as well as chao tic  
tra je c to rie s  ex ist. E xam ples of a p e rio d  6 p eriod ic  o rb it 
an d  a chao tic  o rb it are  d isp layed  in  F ig . 3 . N everthe­
less, even in  these  tra jec to rie s , th e  o r ien ta tio n  rem ains 
rough ly  co n s tan t.
In  F ig. 4 th e  s ta b le  period ic  o rb its  a re  p lo tte d  as a 
function  of ys, rang ing  betw een  scan  line 1 an d  4, for 
th e  system  of F ig. 2 . T h e  co m m en su ra te  period ic  o rb it 
a t  $  =  0 is alw ays s tab le , regard less o f th e  scan  line. 
B etw een  scan  lines 3 an d  4 th e  in co m m en su ra te  o rb it 
a t  $  «  26° becom es u n stab le , an d  th e  one a t  $  «  30° 
becom es stab le .
As th e  nu m b er of a to m s increases, th e  in te rac tio n  w ith  
th e  su b s tra te  becom es m ore com plicated  an d  th e  num ber 
of period ic  o rb its  increases. For square  flakes on  a square  
la ttice , th e  nu m b er of period ic  o rb its  increases linearly  
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FIG. 2: (Color online) Three typical trajectories for a 24- 
atom  flake subjected to  F load =  20 nN, vs =  32 m /s . All three 
converge to  stable periodic orbits at approxim ately constant 
0 ~  0 o. The trajectories converging to  0 o ~  0° and 0 o ~  26° 
are for scan line 3, bu t have different initial angular velocity, 
and the trajectory  converging to  0 o ~  30° is for scan line 4. 
From left to  right and top to  bottom : (a) the m ism atch angle 
as a function of tim e, (b) the position as a function of tim e 
once the trajectories have converged to  the periodic orbits,
(c) the trajectories on the surface for the same interval, and
(d) the friction force.
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FIG. 3: Examples of more com plicated trajectories of a 24- 
atom  flake: (a) a periodic trajectory  w ith a longer period, in 
this case 6 lattice periods, for F load =  30nN a t scan line 3 
and (b) a chaotic trajectory  for for F load =  40nN at scan line 
1. All other conditions are the same as for the trajectories 
plotted in Fig. 2.
d iag ram s sim ilar to  F ig . 4 are show n for flakes of d ifferent 
sizes. T h e  nu m b er o f s ta b le  period ic  o rb its  increases. A d­
d itionally , th e re  is a sw itch-over region a ro u n d  scan  line
3, w here th e  s ta b le  in co m m en su ra te  o rb its  becom e u n ­
stab le , an d  th e  u n s ta b le  in co m m en su ra te  o rb its  becom e 
stab le .
E x p e r im e n ta lly [2] i t  w as re p o rte d  th a t  th e  su p erlu b ric  
behav io r of flakes of ap p ro x im ate ly  100 a to m s la s ted  for 
a b o u t 40 scan  lines or a d is tan ce  ys of a b o u t 7A, a b o u t 
5 tim es th e  d is tan ce  betw een  scan  lines 1 an d  4. T h is 
com pares very  well w ith  th e  resu lts  for N  =  96, w here 
we see th a t  s ta rtin g , for in stan ce  on  scan  line 4 an d  m ov­
ing tow ards scan  line 1 , th e  flake ro ta te s  from  th e  s ta ­






4FIG. 4: A bifurcation diagram  of the stable periodic orbits as 
a function of the param eter y for N  =  24 and F load =  20 nN. 
The da ta  was obtained by doing a large number of simulations 
w ith a wide range of initial conditions. The plotted points are 
the set of final angles. Clearly visible between scan lines 3 and 
4 are the points at which the 0 o w 26° periodic orbit becomes 
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due to  th e  sy m m etry  of th e  la ttic e , th e  scan m oves back  
from  scan line 1 to  scan line 4, decreasing  th e  m ism atch  
angle to  19° (w hich has lower energy  th a n  30°). A fter 
3a ^  4.3 A d is tan ce  in  th e  y d irec tion , th e  flake locks 
in  th e  co m m en su ra te  $  =  0 s ta te . In  absence of th e r ­
m al f lu c tu a tio n s th e  decay  to  th e  co m m en su ra te  s ta te  is 
a  geom etric  effect, d epend ing  only  on th e  s tru c tu re  of 
th e  in te rac tio n . E ach  period ic  o rb it leads to  a  different 
fric tion  force, an d  so th e  observa tion  of step s in  th e  fric­
tio n  force going from  one scan line to  an o th er, could be  
re la ted  to  th e  size an d  sy m m etry  of th e  flake.
FIG. 5: The plot of Fig. 4 repeated for (a) various 6-fold 
symmetric flakes of (b) 54, (c) 96, (d) 150, and (e) 216 atoms. 
Larger flakes have more stable periodic orbits. The lone point 
in the bifurcation diagram  for N  =  96 near scan line 4 at 
0 o w 12° indicates th a t the 0 o w 12° periodic orbit is still 
stable there, but has such a small basin of attraction  th a t the 
spacing between the initial conditions used to  calculate this 
bifurcation diagram  is not fine enough to  detect it.
th is  section.
IV . S T A B IL IT Y  A N A L Y S IS  A N D  S IM P L IF IE D  
M O D E L S
A lth o u g h  we consider th e  flake as a  rigid o b je c t w ith  
only  four degrees of freedom , th e  system  is s till to o  com ­
p lica ted  to  perfo rm  th e  s ta b ili ty  analysis analy tically . 
However, a  possib le sim plification  is suggested  by th e  
sh ap e  of th e  p o te n tia l energy  V (r , $ ). In  Fig. 6 , we show
V as a  fu n ctio n  of x an d  $  for co n s tan t values of z given 
by th e  average of th e  values found  in  s im ulations w ith  
a load  of 20 nN , an d  y defined by th e  four scan lines. 
O ne can  see th a t  th e  p o te n tia l is a  period ic  function  of 
x w ith  an  am p litu d e  th a t  dep en d s on $ . T herefo re , a 
good descrip tio n  of th e  sy stem  is p rov ided  by a  sim plified 
one-d im ensional m odel w ith  only  tw o degrees of freedom : 
th e  p osition  along th e  scan line, x, an d  th e  o rien ta tio n , 
$. T h is  m odel is fully described  by th e  viscous fric tion  
coefficient y , su p p o rt velocity  vs , in itia l su p p o rt position  
x 0, m ass M , m om en t of in e rtia  I , an d  a sim plified p o te n ­
tia l V (x ,$ ) .  T h e  essen tia l dynam ics of th e  system , th e  
ex istence of co m m en su ra te  an d  in co m m en su ra te  sliding 
is p reserved  in  th e  sim plified m odel w hich we p resen t in
A . e q u a tio n s  o f  m o tio n
W e w rite  th e  eq u a tio n s of m o tion  of th e  sim plified sys­
te m  as a  dynam ica l system  of firs t-o rder d ifferen tia l equa­
tions,
x  =  Vx , (10 )
d V  ( x ,$ )
M Vx  = --------^---------- c(x  -  tvs -  xs  0) -  YMvx , (11 )
d x
I . d V  ( x ,$ ) I




M oreover, th e  sym m etries of V (r , $) in  Eqs. (7-9 )  im ­
ply  th a t
V (x ,$ )  =  V (x , 3  +  $)
V (x, $ ) =  V  (x +  l, $)




w here l =  a \ /3 .




































FIG. 6 : (Color online) The potential energy V (r, 0) of a 24- 
atom  flake as a function of the m ism atch angle 0  and position 
x along the trajectory  of the support, for constant z at the av­
erage value belonging to  a load of 20 nN, and y corresponding 
to  scan lines (a) 1, (b) 2, (c) 3, and (d) 4. Due to  the sym­
m etries of the system  given in Eqs. (14-1 6 ) , the dependence 
on 0 is determ ined by the behavior between 0 and 30°.
1. Specific potential
A good  rep re se n ta tio n  of V (x , ^ ) for a given scan  line 
(y co n s tan t)  is given by
V (x ,^ )  =  U (¿ )  +  W ( ^ c o s j ^ )  , (17)
w here U (^ )  an d  W(^>) are b o th  sm o o th  functions th a t  
rep resen t th e  average value of th e  p o te n tia l energy  an d  
th e  am p litu d e  respectively.
T h e  sym m etries o f th e  dynam ics in  Eqs. (14-1 6 ) im ply  
th a t
u (¿ ) =  u ( - ¿ )  =  u  ( 3  +  , 
w (¿ ) =  w ( - ¿ )  =  w  ( 3  +  .
(18)
(19)
In  tu rn , these  equ a tio n s im ply  th a t  U an d  W  have ex­
tre m a  in  ^  =  0, n / 6 . In  F igs. 7 an d  8 , U an d  W , 
are show n for flakes of 24 an d  216 a tom s. I t  is ev iden t 
in  F ig. 7 th a t  th e re  is an  ex trem u m  of b o th  U an d  W  
a t  ^  =  0. T h e  s tru c tu re  of th e  o th e r  ex trem um , close to  
30° can  be seen from  th e  four en largem ents. B esides th e  
ex trem u m  a t  ^  =  30° for all scan  lines th e re  is an o th er 
ex trem u m  of b o th  U an d  W  a t  a b o u t 26°. In  F ig. 8 , for a 
la rger flake, U an d  W  have m ore ex trem a , b u t  th e y  still 
coincide. In  Ref. [12] it is show n for a sim pler system , 
square  flakes on a square  la ttice , th a t  th is  is a general 
p ro p erty : for square  flakes on  square  la ttic e s  th e  ex trem a 
o f U an d  W  a t  an y  o r ien ta tio n  coincide ap p ro x im ate ly  for 
all flake sizes.
Since th e  to rq u e , given by  Eq. (13), vanishes for th e  
values of ^  th a t  give ex tre m a  of U an d  W  an d  w =  0, 
these  cond itions define a tw o-d im ensional in v a rian t m an ­
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FIG. 7: The (a) offset U (0) and am plitude (b) W (0) of 
the potential V (x ,0 ) as a function of 0  for the same case 
displayed in Fig. 6 . The region near 0 =  30° is enlarged 
separately for scan lines (c) 1, (d) 2, (e) 3, (f) 4. U and W  
were obtained from a Fourier transform  of V w ith respect 
to  x over 492 points for each 0. The extrem a of U and W  
coincide at 0  =  0 o, which implies the existence of an invariant 
manifold 0 =  0 o,u  =  0 w ith 0 o =  0°, 26° or 30°.
W  an d  consequen tly  th e  nu m b er of in v arian t m anifolds 
grows w ith  th e  size of th e  flake.
B . s ta b il i ty
W e consider a general p o te n tia l V  (x, ^ ) w hich has an  
in v arian t m anifo ld  a t  ^  =  ^ 0, i.e.
d V (x , ^)
0 (2 0 )
0 = 00
for all x . Now th a t  we have iden tified  th e  in v a rian t m an ­
ifold, we consider th e  dynam ics in  its  v ic in ity  in  o rder to  
s tu d y  th e  stab ility .
N ear th e  in v arian t m anifold , th e  to rq u e  is sm all, an d  
so th e  tim e scales of ^  an d  w, (Eqs. (12) an d  (13)) are 
m uch longer th a n  th o se  of x  an d  v x (Eqs. (10) an d  (11)). 
B ecause of th is , for th e  p u rpose  of investiga ting  th e  s ta ­
b ility  o f th e  dynam ics n ea r th e  in v a rian t m anifold , th e  
to rq u e  can  be rep laced  by  its  tim e average. N ote th a t  
th is  se p a ra tio n  of tim e scales is on ly  valid  near  th e  in­
v aria n t m anifold , n am ely  if ^  rem ains close to  ^o an d  w 
is close to  0 .
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FIG. 8 : The (a) offset U (0) and (b) am plitude W (0) for a 
flake of 216 atoms. The extrem a of U coincide w ith the m ax­
im a of W , and the nodes of W  correspond to  a constant value 
of U. There are more extrem a th an  for the flake of 24 atoms, 
and therefore more stable and unstable incommensurate pe­
riodic orbits.
If th e  m anifo ld  is s tab le , th e n  in itia l cond itions close to  
i t  converge tow ards it. W e the re fo re  consider th e  g row th  
ra te s  o f sm all p e r tu rb a tio n s  ¿ ^  an d  ¿w of ^  an d  w, th e  
L yapunov  exponen ts. F rom  Eqs. (12) an d  (13) we find
¿<^  =  ¿w ,




T h e tim e average can  be in te rch an g ed  w ith  th e  deriva­
tive w ith  resp ec t to  ^  because p e r tu rb a tio n s  in  x  an d  ^  
decouple to  first o rder. O ne m ay  w rite
i.e., th e  tim e-average of th e  p o te n tia l energy  m u st be a t 
a  m inum um .
U sing  Eq. (17), Eq. (26) can  be rew ritte n  to  read
d 2U (^ ) d 2 W (^ ) 
d ^ 2 + 0= 00 t,0=0  o
(27)
T h e  s ta b ili ty  th u s  d epends on U an d  W , an d  how  m uch 
tim e th e  p a rtic le  spends n ea r  th e  m in im a of th e  p o te n tia l, 
w here th e  cosine is negative .
In  stick-slip  m otion , th e  p a rtic le  spends m ost o f its  
tim e in  th e  m in im a of th e  p o te n tia l, i.e. w here th e  cosine 
is sm aller th a n  0 (see F ig. 2 ) . If  th e  m o tion  is tru ly  
superlub ric , th e n  th e  p artic le  spends a b o u t th e  sam e tim e 
in  th e  m in im a as i t  does in  th e  m ax im a. If  th e  m o tio n  is 
n ea rly  su p erlu b ric , th e n  th e  p a rtic le  spends m ost o f its  
tim e in  th e  m in im a. H ence, for rea listic  cases, (cos)t <  0.
If  th e  offset of th e  p o te n tia l, U(^>), has  a m in im um  a t 
^ 0 i t  co n trib u tes  positively  tow ards th e  stab ility . Sim ­
ilarly, if  th e  am p litu d e  W (^ )  is a t  a  m ax im u m  a t ^ 0, 
because th e  first deriva tive  is m u ltip lied  by  a negative  
num ber, (cos)t , i t  enhances th e  stab ility . A m in im um  of 
U an d  m ax im um  of W  there fo re  alw ays lead  to  s ta b il­
ity, w hereas a m ax im u m  of U an d  m in im um  of W  always 
leads to  in stab ility . If  b o th  are a t a  m ax im um , or b o th  
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(23)
(24)
As th e  m a tr ix  A  is co n s tan t, th e  L yapunov  exponen ts 
assoc ia ted  w ith  p e r tu rb a tio n s  in  ^  an d  w are sim ply  equal 
to  its  eigenvalues,
d 2V  (x, ^)
(25)
0=00
T h e in v a rian t m anifo ld  is s ta b le  if all (in th is  case 2) 
L yapunov  exp o n en ts  assoc ia ted  w ith  p e r tu rb a tio n s  of it 
have real com ponen ts sm aller th a n  0 .
As th e  real com ponen t of th e  square  ro o t in  Eq. (25) is 
positive or 0, A_ <  A+ is th e  sm allest L yapunov  exponen t 
(i.e. has th e  sm allest rea l com ponen t). For s ta b ili ty  an a l­
ysis i t  the re fo re  suffices to  consider A+. If  th e  arg u m en t 
of th e  square  ro o t in  Eq. (25) is sm aller th a n  y 2, th e n  th e  
real com ponen ts of b o th  A_ an d  A+ are negative . T h is 
is th e  case if
d 2V (x , ^)
d ^ 2
>  0 (26)
0=00
1. comparison with simulations
T h e analysis of Sec. IV B  com pares very  well w ith  th e  
resu lts  o f num erical sim u lations a t  T  =  0 K. T h e  s ta b il­
ity  of th e  co m m en su ra te  an d  in co m m en su ra te  s ta te s  can  
be d e te rm in ed  by  looking a t  th e  b ehav io r of th e  average 
p o te n tia l energy  U an d  am p litu d e  W , show n in Figs. 7 
an d  8 .
W e exam ine firs t th e  24-atom  system  of F igs. 2 an d  4, 
for w hich U an d  W  are re p o rte d  in  F ig . 7 . F or scan  line 1 
an d  2, th e  m in im um  of U a t ^  =  26° coincides w ith  a 
m ax im um  of W , an d  is the re fo re  s tab le . T h is is consis­
te n t w ith  th e  s im u la tion  resu lts  for scan  lines 1 an d  2 , 
show n in  F ig. 4, w here we see a s ta b le  o rb it a t  26°. A t 
these  scan  lines, for ^  =  30° U h as a m ax im um  an d  W  
has a m in im um , lead ing  to  in stab ility . A t ^  =  0, th e re  
is a m ax im u m  in  U, b u t also in  W . However, th e  second 
derivatives of U an d  W  are very  n ea rly  th e  sam e a p a r t 
from  th e  sign, an d  (cos)t increases w ith  decreasing  am pli­
tu d e , so (d 2V /d ^ 2) t is positive, an d  th e  in com m ensu ra te  
s ta te  is s tab le .
F or scan  lines 3 an d  4, a t  0° th e  m in im um  of U co­
incides w ith  a m ax im u m  in W , lead ing  to  a s tab le  com ­
m e n su ra te  s ta te . S im ilarly, a t  scan  line 4, th e  incom ­
m e n su ra te  s ta te  a t  ^  =  30° is s tab le , w hile th e  s ta te  a t 
^  =  26° is u n stab le . F or scan  line 3, th e  s ta b ili ty  of th e  
in co m m en su ra te  s ta te s  is m ore com plicated , as U an d  
W  b o th  have m ax im a a ro u n d  ^  =  26° an d  m in im a a t




7^  =  30°. However, th e  second deriva tives of U an d  W  
for b o th  s ta te s  are ap p ro x im ate ly  th e  sam e, w ith  oppo­
site  sign. A dditionally , th e  am p litu d e  for b o th  s ta te s  is 
ap p ro x im ate ly  th e  sam e, so (cos) t shou ld  b e  th e  sam e 
as well. T h e  cruc ia l q u a n tity  for s tab ility , (d 2V /d ^ 2) t , 
shou ld  the re fo re  be n ea rly  th e  sam e for th e  tw o s ta te s , 
excep t for th e  sign, w hich is opposite . O ne of th e  incom ­
m e n su ra te  s ta te s  is the re fo re  s tab le , w hile th e  o th e r  is 
un stab le , th o u g h  from  U an d  W  it is n o t d irec tly  clear 
w hich is w hich. In  Fig. 2, th e  s ta b le  in com m ensu ra te  
s ta te  for scan  line 3 is show n a t  ^  =  26° an d  for scan 
line 4 a t ^  =  30°. T h e  ex istence of a sw itch-over scan 
line can  be seen in  th e  sim u la tion  resu lts  in  F ig. 4, an d  is 
c learly  critica l for all sizes, as show n in F ig . 5 . I ts  exis­
tence for an y  flake size can  be d e m o n s tra te d  an a ly tica lly  
for square  flakes on  square  la ttic e s  [12].
In  F ig. 8 , U an d  W  are p lo tte d  for a  la rger flake of 
216 a tom s. B ecause of th e  la rger size of th e  flake, U 
an d  W  have m ore ex tre m a  an d  the re fo re  th e re  are m ore 
p eriod ic  o rb its . T h e  s ta b le  period ic  o rb its  in  th e  sim ula­
tions, show n in  F ig. 5 (b o tto m  rig h t), coincide w ith  th e  
ex trem a . T h e ir s ta b ili ty  is also consisten t w ith  calcu la­
tions based  on  U an d  W .
V . R O B U S T N E S S  O F  T H E  S U P E R L U B R IC  
S L ID IN G
T h e analysis p resen ted  in  S ec.IV  shows th a t  incom ­
m e n su ra te  (superlub ric) slid ing m ay  ex ist. However, th e  
ex istence of s tab le  in co m m en su ra te  period ic  o rb its  does 
n o t necessarily  m ean  th a t  th e y  can  be easily  observed  in 
experim en ts. T h e  cond itions w hich lead  to  s ta b ili ty  m ay 
n o t be ex p e rim en ta lly  accessible. F u rth e rm o re , th e  s ta ­
b ility  m ay  be very  weak, causing  very  slow convergence 
tow ards th e  period ic  o rb it, o r th e  basin s of a t tra c t io n  
of th e  in co m m en su ra te  period ic  o rb its  (th e  set of in itia l 
cond itions th a t  converge tow ards th em ) m ay  be sm all. 
In  th is  section  we exam ine se p a ra te ly  th e  ro b u stn ess  of 
th e  in co m m en su ra te  su p e rlu b ric  so lu tions ag a in s t several 
ty p e s  of p e r tu rb a tio n s .
A . te m p e r a tu r e
In  F ig . 9, we show  slices o f th e  phase  space w hich con­
ta in  th e  s ta b le  in co m m en su ra te  period ic  o rb its  of th e  full 
th ree -d im ensional system . F or each scan  line, we inves­
tig a te  th e  b as in  of a t tra c t io n  by  perfo rm ing  num erical 
sim u lations a t  T  =  0 an d  looking a t  th e  asy m p to tic  s ta te  
of th e  flake as a function  of th e  in itia l o r ien ta tio n  an d  
an g u la r m om en tum . If  th e  b as in  of a t tra c t io n  is sm all, 
th e  period ic  o rb its  can  easily  be des troyed  by  th e rm a l 
fluc tua tions , w hich b rin g  th e  sy stem  o u tside  th e  b as in  of 
a t tra c t io n  of th e  in co m m en su ra te  o rb its , an d  in to  th a t  
of th e  co m m en su ra te  o rb it. T h e  r a nge of in itia l angu­
la r velocities p lo tte d  in  F ig . 9 is 3 ^ kbTr / M , w here Tr 
is room  te m p e ra tu re , 293 K, an d  kb is B o ltz m a n n ’s con­
s ta n t. T h is  is rough ly  th e  range  th a t  is th e rm a lly  ac­
cessible a t  room  te m p e ra tu re . T h e  b as in  of a t tra c t io n  
of th e  in co m m en su ra te  period ic  o rb its  is sm aller th a n  
th is  range , in d ica tin g  th a t  a t  room  te m p e ra tu re  th e rm a l 
f lu c tu a tio n s m ay  p e r tu rb  th e  in co m m en su ra te  s ta te  suf­
ficiently  to  cause it to  decay  to  th e  co m m en su ra te  s ta te , 
w hich has lower energy. E spec ia lly  scan  line 3, w ith  its  
w eak s ta b ili ty  an d  scan  line 4, a t  w hich th e  incom m ensu­
ra te  s ta te  on ly  h as a sm all b as in  of a t tra c t io n  (as is show n 
in F ig . 9 ), are  very  sensitive to  th e rm a l fluctuations.
To exam ine th e  effect o f te m p e ra tu re  exp lic tly  we con­
d u c t L angev in  s im u lations w ith  te m p e ra tu re s  rang ing  
from  5 to  300 K . S ta r tin g  from  in itia l cond itions on th e  
in co m m en su ra te  period ic  o rb it, s im u la ted  system s were 
su b je c ted  to  th e rm a l f lu c tu a tio n s for a p e rio d  of a b o u t 
100 la ttic e  periods an d  th e  final angle was recorded . T he 
resu lts  are p lo tte d  in  F ig. 10. A t scan  line 3 th e  incom ­
m e n su ra te  s ta te  is th e  least ro b u st ag a in st te m p e ra tu re  
an d  th e  in co m m en su ra te  s ta te  decays a lread y  a t  5 K. 
However, th e rm a l f lu c tu a tio n s are n o t th e  on ly  source of 
energy  in  th is  system , because th e  m oving su p p o rt drives 
th e  flake a t  velocities th a t  are n o t negligeable com pared  
to  th e rm a l velocities, the re fo re  supp ly ing  am o u n ts  of en­
ergy  sign ifican t com pared  to  kBT . T h e  effect of te m p e r­
a tu re  is th u s  possib ly  ov erestim a ted  in  these  sim ulations.
B . sc a n  line
F rom  th e  size of th e  basin s of a t tra c t io n  in  Fig. 9 an d  
th e  ro b u stn ess  ag a in st th e rm a l flu c tu a tio n s , d isp layed  in 
F ig. 10, i t  can  be seen th a t  th e  ro b u stn ess  of th e  incom ­
m e n su ra te  s ta te s  in  th is  sy stem  d epends s tro n g ly  on  th e  
scan  line. F or th e  sy stem  in  th e  figures, th e  incom m en­
su ra te  period ic  o rb it is th e  least ro b u s t for scan  lines 3 
an d  4. F rom  F ig . 7 i t  can  be seen th a t  th e  m in im um  of 
U n ea r ^  =  30° is shallow  an d  th e  am p litu d e  W , espe­
cially  in  th e  case of scan  line 4, is sm all. T h e  la t te r  is a 
consequence of th e  sym m etries of th e  hexagonal la ttice .
As d iscussed  in  Sec. III , th e  d ifferent s ta b ili ty  an d  in­
s ta b ili ty  o f th e  in co m m en su ra te  s ta te s  a t  d ifferent scan  
lines can  lead  to  th e  d isap p ea ran ce  of su p e rlu b ric ity  afte r 
an  in itia l su p erlu b ric  p e rio d  in  ex perim en ts  w hich explore 
m ore th a n  one scan  line. A dditionally , th e  w eak s ta b ili ty  
of th e  in co m m en su ra te  s ta te s , an d  associa ted  low ro b u s t­
ness ag a in st th e rm a l fluc tua tions , n ea r scan  lines 3 an d  4 
m akes su p e rlu b ric  s ta te s  less likely to  p e rs is t in  such ex­
perim en ts.
C . flake size
As th e  nu m b er of a to m s in  th e  flake increases th e  m o­
m en t o f in e rtia  increases w ith  N 2. T h is  m eans th a t  th e  
o rien ta tio n  an d  an g u la r velocity  of la rger flakes are less 
sensitive to  th e rm a l f lu c tu a tio n s an d  o th e r  d isru p tio n s . 
B y  com paring  Fig. 11 to  F ig. 10 we see th a t  th e  incom ­
m e n su ra te  period ic  o rb it o f th e  flake w ith  216 a to m s is
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FIG. 9: (Color online) Cross sections of the phase space, including the basin of attraction  of the incom m ensurate stable 
periodic orbits, which are a t 0 ~  26°, u  =  0, for scan lines (a) 1, (b) 2, (c) 3, and 0 ~  30°, u  =  0 for (d) scan line 4. The flake 
has 24 atoms and Fioad =  20 nN ,vs =  32 m /s. The final sta te  of the flake is plotted as a function of the initial orientation 
and angular momentum. The initial position and velocity have been chosen such th a t the stable incom m ensurate periodic 
orbit intersects w ith the cross section, in u  =  0. The colours indicate to  which periodic orbit the initial conditions converge: 
red incom m ensurate 0o € (0°, 30°], blue incom m ensurate 0o € [30°, 60°), purple w ith blue com m ensurate 0o =  60°, purple 
incommensurate 0 o € (60°, 90°], black incom m ensurate 0 o € [90°, 120°), red w ith black com mensurate 0 o =  120°, green w ith 
red com m ensurate 0 o =  0°, green incom m ensurate 0 o € [-30°, 0°), cyan incom m ensurate 0 o € ( -6 0 ° ,-3 0 ° ] ,  yellow w ith 
cyan com mensurate 0 o =  -6 0 ° . yellow incommensurate 0 o € [-90°, 60°). grey incom m ensurate 0o € ( -1 2 0 ° ,-9 0 ° ] .  The 
incommensurate periodic orbit a t 0 o ~  30° is indicated in blue, as it visits bo th  (0°, 30°] and [30°, 60°) in one period.
m ore ro b u s t ag a in st th e rm a l flu c tu a tio n s , an d  survives 
even a t room  te m p era tu re .
I t  is in te res tin g  to  n o te  th a t  B onelli e t a l .[13], w ho 
consider flexible g rap h ite  flakes, found  th a t  la rger flakes 
in te ra c t m ore w eakly  w ith  th e  su b s tra te  th a n  one w ould 
expect from  rig id  flakes. A t th e  edges, th e  flake bends 
tow ards th e  su b s tra te , an d  th u s  th e  a to m s a t  th e  edge of 
th e  flake d o m in a te  th e  in te rac tio n . However, in  Ref. [13], 
no  analysis o f th e  s ta b ility  of su p e rlu b ric ity  w as possi­
ble, as th e  coupling  betw een  th e  can tilever an d  flake was 
chosen in  such a w ay as to  im pose a p referred  o rien ta tio n .
D . s u p p o r t  v e lo c ity
A t h igh  su p p o rt velocity, th e  m o tio n  of th e  flake is 
less sensitive to  th e  d e ta iled  s tru c tu re  of th e  su b s tra te . 
T h e  dynam ics in  th e  y  an d  z d irec tio n  are re la tive ly  fast 
com pared  to  th e  dynam ics of th e  ro ta tio n , an d  therefo re  
th e ir  effects on th e  o rien ta tio n  of th e  flake average ou t. 
A t lower su p p o rt velocities, m o tio n  in  th e  y an d  z di­
rec tion  becom es m ore re levan t an d  can  reduce th e  size 
of th e  basin  of a t tra c t io n  of th e  in co m m en su ra te  p eri­
odic o rb its , o r even d es tro y  th e  s ta b ility  com pletely. In
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FIG. 10: The final orientation of a 24-atom flake (mapped 
onto the interval [0°, 30°]) which was initially in the stable 
incommensurate periodic orbit is plotted as a function of tem ­
perature after a long, but finite time, with F load =  20 nN, vs =  
32 m /s  for scan lines (a) 1, (b) 2, (c) 3, and (d) 4. For every 
tem perature, 250 realisations are plotted. Enough tim e has 
elapsed for the system to decay to  the static sta te distribution.
FIG. 12: (Color online) The (a) orientation 0, positions (b) x 
and (c) y, and (d) friction Fs as a function of support position 
x s for various support velocities and N  =  24, Fload =  20 nN, 
scan line 2. As the velocity decreases, the fluctuations in 0 
and y increase and the system behaves less one-dimensionally. 
For sufficiently low vs , the system can no longer be described 





FIG. 11: The plot of Fig. 10 for scan line 2 repeated for 
flakes of (a) 96 and (b) 216 atoms. The stable periodic orbits 
of large flakes are more robust against tem perature, because 
the moment of inertia grows as N 2.
Fig. 12 tra je c to rie s  a re  p lo tte d  for th e  sam e flake a t dif­
feren t su p p o rt velocities. As th e  velocity  decreases, th e  
flake becom es m ore sensitive to  f lu c tu a tio n s an d  th e re ­
fore 0  (to p  left) an d  y (b o tto m  left) f lu c tu a te  m ore. A t 
sufficiently low velocities, th e  in co m m en su ra te  period ic 
o rb it is no longer s tab le , an d  th e  flake ro ta te s  to  th e  com ­
m e n su ra te  o r ien ta tio n  w ith  stick-slip  m o tio n  (top  righ t) 
an d  h igh  fric tion  (b o tto m  rig h t) . A stro n g er coupling 
betw een  th e  flake an d  can tilever w ould reduce th e  fluc­
tu a tio n s  in  th e  y d irec tion , an d  allow  th e  s ta b ili ty  of th e  
in co m m en su ra te  s ta te  to  p e rs is t to  lower su p p o rt veloci­
ties.
E . lo a d
T h e  load  force ex e rted  by th e  can tilever on  th e  flake 
pushes it  in to  th e  su b s tra te . T h is  affects n o t only  th e  











FIG. 13: The plot of Fig. 4 repeated for load force equal to 
(a) 0 nN, (b) 10 nN, (c) 30 nN, and (d) 40 nN.
th e  flake is sub jec ted . C onsequently , for different load  
forces, th e  behav io r of U an d  W  is different, an d  so th e  
s ta b ility  of in co m m en su ra te  period ic  o rb its  m ay change. 
In  F ig. 13 b ifu rca tio n  d iag ram s sim ilar to  th e  one in  Fig. 4 
are  show n for different load  forces. W h e n  th e  load  is very 
h igh, th e  in te rac tio n  betw een  th e  flake an d  su b s tra te  is 
changed  qualita tive ly , an d  for th e  reg ion  near scan  lines 3  
an d  4  th e  in co m m en su ra te  period ic  o rb it d isappears . T he 
sim ulations of Ref. [13] w ere perfo rm ed  using  load  forces 
of ab o u t 100 nN , an d  indeed , no  su p e rlu b ric  behav io r was 
observed. Bonelli e t al. also perfo rm ed  a  few sim ulations 
a t lower loads for 24  a to m  flakes, b u t  im posed  m ism atch  
angles near 0° an d  15° on  th e  flake, th u s  e rad ica tin g  th e
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FIG. 14: (Color online) The cross section for scan line 3 in 
Fig. 9 repeated with the commonly used 2D interaction po­
tential. The basin of attraction  is different in shape and size.
te n tia l used  here , as can  b e  seen from  Fig. 13.
However, in  a  fully th ree -d im ensional p rob lem , th e  ef­
fect o f load  is n o t sim ply  a  rescaling  of th e  am p litude . W e 
com pare ou r resu lts  o b ta in ed  w ith  a  th ree -d im ensional 
p o te n tia l to  th e  one o b ta in ed  w ith  th e  tw o-d im ensional 
p o te n tia l o f re ference[2]. W e find (Fig. 14) th a t  th e  cross 
section  has q u a lita tiv e ly  th e  sam e fea tu res, b u t  a  signifi­
can tly  different size of th e  basin  of a t tra c tio n .
G . s y m m e try  o f  th e  flakes
In  ex p e rim en ta l cond itions, it  c an n o t b e  g u aran teed  
th a t  th e  flakes are  exac tly  hexagonal. In  Fig. 15 th e  b i­
fu rca tio n  d iag ram s of Figs. 4 a n d  5 have been  re p e a te d  for 
th ree-fo ld  sym m etric  flakes of tw o different sizes. T h e  re­
su lts  are  sim ilar to  th o se  of th e  hexagonal flakes, th o u g h  
som ew hat d is to rted .
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FIG. 15: The plot of Fig. 4 repeated for (a) various 3-fold 
symmetric flakes of (b) 33 and (c) 69 atoms.
in co m m en su ra te  period ic  o rb its  n ea r 30°.
A t h igh  load  force period ic  tra je c to rie s  w ith  periods 
longer th a n  one la ttic e  p e rio d  an d  chao tic  tra je c to rie s  
ex ist. Tw o such tra je c to rie s  a re  show n in  Fig. 3. T hese  
tra je c to rie s  still have rough ly  co n s tan t o rien ta tio n , b e ­
cause th e  in v arian t m anifo ld  is still stab le . I t is th e  m o­
tio n  on th e  in v a rian t m anifo ld  itse lf th a t  has a  longer 
p e rio d  or is chaotic .
F . ch o ice  o f  p o te n t ia l
V ery often , for fric tion , th e  p o te n tia l co rru g atio n  is 
rep resen ted  as a  tw o-d im ensional profile in  th e  xy  plane. 
In  th is  rep resen ta tio n , th e  load  can  only  b e  inc luded  by 
scaling th e  p o te n tia l. F igs. 7 an d  8 w ould the re fo re  look 
th e  sam e b u t only  scaled, regard less of load, w hich im ­
plies th a t  th e  s ta b le  in co m m en su ra te  o rb its  w ould rem ain  
s ta b le  for any  load. T h is  is n o t th e  case for th e  3-d po-
In  th is  p ap e r, we have exam ined  th e  possib ility  of rea l­
ising cond itions for su p e rlu b ric  slid ing  w ith o u t ro ta t io n  
an d  locking of g rap h ite  flakes on g rap h ite . B y m eans of 
a  sim plified an a ly tica l m odel, v a lid a ted  by  ou r num erical 
s im ulations, we have show n th a t  in co m m en su ra te  p e ri­
odic o rb its  w ith  low fric tion  can  be  stab le . F u rth e rm o re , 
we have in v estig a ted  th e  rob u stn ess  of th e  su p e rlu b ric  
slid ing  ag a in st changes in  several cond itions an d  q u an ti­
ties: te m p e ra tu re , scan  line, flake size, su p p o rt velocity, 
load, an d  asym m etry .
O ur resu lts  show th a t  som e scan lines, w here th e  cen ter 
of m ass m oves along a  row  of a tom s of th e  su b s tra te , are  
d e trim en ta l to  th e  s ta b ility  of su p e rlu b ric  slid ing an d  lead  
to  ro ta t io n  of th e  flake as found  in  Ref. [2]. Conversely, 
su p e rlu b ric  slid ing  is favored by  la rger flakes, h igher ve­
locities th a n  in  A FM , an d  low te m p e ra tu re . O ur calcu la­
tions suggest th a t  in  an  ex p erim en t w here different scan  
lines are  exp lo red  successively th e  locking w ould occur 
g rad u a lly  v ia  in te rm ed ia te  period ic  o rb its . For a  flake 
of a b o u t 100 a tom s, th is  should  occur in  4 steps. As 
th e  fric tion  force for each  period ic  o rb it is different, th is  
could p erh ap s  b e  used  as a  m e th o d  for ch arac teris in g  th e  
flake.
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